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Abstract 

In the recent years a generalization H = p 2 + x 2 (ix) € of the har- 
monic oscillator using a complex deformation was investigated, where 
e is a real parameter. Here, we will consider the most simple case: e 
even and x real. We will give a complete characterization of three dif- 
ferent classes of operators associated with the differential expression 
H: The class of all self-adjoint (Hermitian) operators, the class of all 
VT symmetric operators and the class of all "P-self-adjoint operators. 
Surprisingly, some of the VT symmetric operators associated to this 
expression have no resolvent set. 

1 Introduction 

In the well-known paper |T] from 1998 CM. Bender and S. Boettcher con- 
sidered the following Hamiltonians r e , 

T e (y)(x) := -y"(x) + x 2 {txYy{x), e > 0. (1.1) 

This gave rise to a mathematically consistent complex extension of conven- 
tional quantum mechanics into VT quantum mechanics, see, e.g., the review 
paper [2]. During the past ten years these VT models have been analyzed 
intensively. 

Starting from the pioneering work of CM. Bender and S. Boettcher [1], the 
above Hamiltonian r e was always understood as a complex extension of the 
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harmonic oscillator H = + x 2 defined along an appropriate complex con- 
tour within Stokes wedges. In [3] the problem was mapped back to the real 
axis using a real parametrization of a suitable contour within the Stokes 
wedges and in [U [51 [6] this approach was extended to different parametriza- 
tions and contours. 

Usually, see, e.g., [H El 13 El E] , a closed densely defined operator H in the 
Hilbert space L 2 (M) is called VT symmetric if H commutes with VT , where 
V represents parity reflection and the operator T represents time reversal, 
i.e. 

(Vf)(x) = f(-x) and (Tf)(x)=J(xj, f E L 2 (R). (1.2) 
Via the parity operator V an indefinite inner product is given by 

[f,g] := / f{x)JVgj(xjdx = [ f{x)gj=x) dx, f,ge L 2 (R). 
Jr Jr 

With respect to this inner product, L 2 (R) becomes a Krein space and, as 
usual, a closed densely defined operator H is called P-self-adjoint if H co- 
incides with its [•, -]-adjoint, see, e.g., [TUJ dH [T21 [131 El]- For the study of 
VT symmetric operators in the frame work of self-adjoint operators in Krein 
spaces we refer to [HI UHl HS1 HH HH HH [20] . 

For unbounded operators both notions, VT symmetry and "P-self- 
adjointness, are also conditions on the domains. These two notions will be of 
central interest in this paper, therefore we emphasize them in the following 
definition. We denote by dom H the domain of the operator H. 

Definition 1.1. A closed densely defined operator H in L 2 (M) is said to be 
VT symmetric if for all f G domH we have 

VTfedomH and VTHf = HVT f. 

It is called V -self-adjoint if we have 

dom H = dom H*V and Hf = VH*Vf for f G dom H. 

Clearly, a "P-self-adjoint operator H is also "P-symmetric, that is, we have 

[Hf,g] = [f,Hg] for all f,g& dom H. 

Here we will restrict ourselves to the most simple case: We will consider the 
differential expression r e in ( 11. II) only for real x. Moreover, if e is even, we 
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obtain a real-valued potential, i.e. if e = An the above differential expression 
r 4n , n G N, in (II .ip will be of the form 

n n (y)(x) ;= -y"(x) + x 4n+2 y(x), .el. (1.3) 

and it will be of the form 

Un+2(y)(x) := -y"{x) - x 4n+ *y(x), xeR. (1.4) 

in case e = An + 2. In this situation we can make use of the well-developed 
theory of Sturm-Liouville operators (see, e.g., [2TJ [22j [231 121] )• Namely, it 
turns out that the expression r 4n is in the limit point case at oo and at — oo, 
hence there is only one self adjoint operator connected to r 4n which is also 
VT symmetric and P-self-adjoint. 

The more interesting case is e = An + 2. The differential expression r^ n+ 2 
is then in limit circle case at +oo and at — oo and it admits many different 
extensions. These extensions are described via restrictions of the maximal 
domain T> max by "boundary conditions at +00 and —00" . Therefore, we will 
consider the differential expression r e only in the case of e = An + 2, n e N. 
Actually, we will consider a slightly more general case which includes the 
case of T4 n+ 2- For this, we will always assume that q is a real valued function 
from Ll oc (R) which is even, that is, 

q(x) = q{—x) for all x£l, 

such that the differential equation 

i~q(y)(x) := -y"{x) - q(x)y(x), x el. (1.5) 

is in limit circle case at +00 and —00. 

It is the aim of this paper to specify three classes of operators connected 
with the differential expression r q in ( II. 5ft : VT symmetric operators, P-self- 
adjoint operators and self-adjoint (Hermitian) operators. The main result 
of this paper is a full characterization of these classes, which, in addition, 
enables one to precisely describe the intersection of these classes. In this 
sense, it is a continuation of where all self-adjoint (Hermitian) and at 
the same time VT symmetric operators in L 2 (M) associated with r e were 
described. 

Surprisingly, it turns out that with the differential expression r q in (I1.5P there 
are VT symmetric operators which correspond to one- and three-dimensional 
extensions of the minimal operator which are neither Hermitian nor "P-self- 
adjoint and which 
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possesses an empty resolvent set. 

In a next step we will consider complex deformations, which are, from the 
mathematical point of view, less understood. These questions will be treated 
in a subsequent note. However, in our opinion even the most "simple" case 
(i.e. e = An + 2, x real) contains enough unsolved questions and possesses a 
rich structure which one needs to understand first. 

This paper is organized as follows: After introducing the basic notions like 
minimal/ maximal operator associated with r q and bi-extensions in Section 
[2J we consider 2-dimensional extensions in Section HJ 3-dimensional exten- 
sions in Section and 1-dimensional extensions in Section El In the case 
of 2-dimensional extensions in Section H] we describe all bi-extensions which 
are PT -symmetric or P-self-adjoint. In the case of 3-dimensional extensions 
and 1-dimensional extensions there are no P-self-adjoint nor Hermitian ex- 
tensions, but there exists -symmetric extensions with empty resolvent 
set, cf. Sections and El 

2 Preliminaries: Operators in Krein spaces 
and bi-extensions 

Recall that a complex linear space H with a hermitian nondegenerate 
sesquilinear form [•, •] is called a Krein space if there exists a so called funda- 
mental decomposition (cf. [TO j [Tl ] IT2]) 

U = U + @'H- (2.1) 

with subspaces %± being orthogonal to each other with respect to [•, •] such 
that (7i±, ±[-, ■]) are Hilbert spaces. Then 

(x, x) := [x + , x + ) — [x-j X-], x = x + + X- E H with x± G H±, 

is an inner product and ("H, (•, •)) is a Hilbert space. All topological notions 
are understood with respect to some Hilbert space norm || • || on "H such 
that [•,•] is || • || -continuous. Any two such norms are equivalent, see [261 
Proposition 1.1.2]. Denote by P + and P_ the orthogonal projections onto 'H + 
and respectively. The operator J := P + — P_ is called the fundamental 
symmetry corresponding to the decomposition (12. ip and we have 

\f,g) = (Jf,g) for all/, g eH. 
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For a detailed treatment of Krein spaces and operators therein we refer to 
the monographs [TU] and [TT]. If £ is an arbitrary subset of a Krein space 
(H, [•,•]) we set 

C [±] :={x en: [x, y]=0 for all y E £}. 
In the sequel we will make use of the following proposition. 

Proposition 2.1. Let C, M. be closed subspaces of a Krein space ("H, [■, ■]) 
and let Cc M. Then dim C [±] / M [±] = dimM/C. 

Proof. Let J be a canonical symmetry in the Krein space /C. For subspaces 
X, Y, Z of H with X + Z = Y and X n Z = {0} we obtain JX + JZ = JY 
and therefore 

dim Y/X = dim Z = dim JZ = dim JY/JX. 
Set Y := and X := AfW we see 

dim C [±] /M [±1 = dim JC [±] /JM [±1 . 
As for each subspace J\f the equality JAf^ = ftf 1 - holds, we conclude 

dim£ [±1 /.M [±] = tiam^/M 1 = dimM/C. 

□ 

Let T be a densely defined linear operator in T-L. The adjoint of T in the 
Krein space (H, [■, ■]) is defined by 

T+ := JT*J, (2.2) 

where T* denotes the adjoint of T in the Hilbert space (H, (•, •)). We have 

[27, g] = [f, T + g] for all / G domT, g G domT + . 

The operator T is called self adjoint (in the Krein space (H, [•,•]) ) if T = T + . 

In what follows, we will consider extensions of a closed densely defined sym- 
metric operator in a Hilbert space T-L. As we will consider also non-symmetric 
extensions, we will emphazise this in the following definition. 
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Definition 2.2. A closed extension A of a closed densely defined symmetric 
operator A in a Hilbert space % is called a bi- extension if 



Ac Ac A*. 

For r G N a bi-extension A is called a r-dimensional bi-extension, if 

dim (dom A/domA) = r. 
For a bi-extension A of A we have 

A c A* c A*. 
Hence both A and A* are extensions of A. 

Proposition 2.3. Let A be a closed densely defined symmetric operator in a 
Hilbert space % with the defect indices (m, n) andp = m + n < oo. Then A is 
an r-dimensional bi-extension of A if and only if A* is a (p — r)- dimensional 
bi-extension of A. 

Proof. Let us consider the space K := K x H as a Krein space with the 
indefinite metric 

MH ^-fr-** , -(:;), 

Hence the symmetry of A implies that the graph of A is a neutral subspace 
in /C. Moreover Ta* = (r^)W. The assumption that A is an r-dimensional 
bi-extension of A is equivalent to TaCT^C Ta* and dimT a/Ta = r. By 
Proposition 12.11 with C = T a and Ai = we obtain that dim Ta* /r^* = t 
and therefore from V a C T^-, C T^. it follows that A* is a (p — r)-dimensional 
bi-extension of A. 

□ 

Remark 2.4. If A is a closed densely defined symmetric operator in a Hilbert 
space H with defect indices (2, 2), then A is a 1-dimensional bi-extension of A 
if and only if A* is a 3-dimensional bi-extension of A and A is a 2-dimensional 
extension of A if and only if A* is also a 2-dimensional bi-extension of A . 
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3 The Hamiltonian r, 



By L 2 (IR) we denote the space of all equivalence classes of complex valued, 
measurable functions / defined on R for which j R \f(x)\ 2 dx is finite. We 
equip L 2 (IR) with the usual Hilbert scalar product 

(/,</):= / f(x)g{x)dx, f,gEL 2 (R). 
Jr 

Let V represents parity reflection and T represents time reversal as in (jl.2p . 
Then V 2 = T 2 = (VT) 2 = I and VT = TV. Observe that the operator 
T is nonlinear. The operator V gives in a natural way rise to an indefinite 
inner product [•,•] which will play an important role in the following. We 
equip L 2 (M) with the indefinite inner product 

[f,g]:= [ f(x)JVgJx)dx = [ f{x)y!^x)dx, /, 5 6L 2 (1). (3.1) 
Jr Jr 

With respect to this inner product, L 2 (R) becomes a Krein space. Observe 
that in this case the operator V serves as a fundamental symmetry in the 
Krein space (L 2 (IR), [•,•]). In the situation where [•, •] is given as in ( 13. ip . 
it is easy to see that the set of all even functions can be chosen as the 
positive component 7i + and the set of all odd functions can be chosen as 
the negative component H- in a decomposition ( 12. ip . We easily see that the 
"P-self-adjointness from Definition 11.11 coincides with self-adjointness in the 
Krein space (L 2 (M)[-, •]), see ( |2~2l . 

Lemma 3.1. Let A be a bi-extension of a closed densely defined symmetric 
operator A in L 2 {M) and let A* be a VT symmetric operator. Then A is 
VT -symmetric if and only if A* is VT symmetric. 

Proof. Let A be PT-symmetric. We will show that VTdomA = domA 
implies VT domA* = domA* and VT A* f = A*VT f for all / e domA*. 
Let us note that / G domA* if and only if (Ag,f) = (g,A*f) for all g G 
domA. For g G domA and / G domA* the VT symmetry of A* implies 

(Ag,VTf) = (g,A*VTf) = (g,VTA*f) = (g,VTA*f). 

From this we conclude VT f G domA* and VT A* f = A*VT f = A*VT f. 
Hence, PTdomA* C domA* and from {VT) 2 = I we derive PTdomA* = 
domA* and the operator A* is VT symmetric. 
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If A* is VT symmetric, then, by the first part of the proof, A** = A is also 
VT symmetric. □ 

Corollary 3.2. Let Abe a bi-extension of A and let A* be a VT symmetric 
operator. Then A is VT -symmetric if and only if A + is VT symmetric. 

Proof. Assume A is a VT symmetry. Then Lemma 13 .11 implies VT dom A* = 
domA*. Since VT = TV and domA + = VdomA* we have 

VT dom A + = VTVdom A* = V VT dom A* = V dom A* 
= domv4 + , 

what is equivalent to VT symmetry of A + . 

If A + is VT symmetric, then, by the first part of the proof, A ++ = A is also 
VT symmetric. □ 

In the following, we consider the differential expression r q . We assume that 
q is a real valued function from Lj oc (M.) which is even, that is, 

q(x) = q(—x) for all i£M, 

such that the differential equation 

T q {y){x) := -y"{x) - q{x)y(x), x G R. (3.2) 

is in limit circle case at +oo and — oo. 

From [2H Remark 7.4.2 (2)]]] we see that, e.g., r g is in limit circle case at 
+oo and — oo for all 5 > and for 

q(t) = t 2+S . 

Hence, the differential expression T^ n+ 2 in (II. 4ft is in the limit circle case at 
oo and at — oo. 

Recall that r q is called in limit circle at oo (at — oo) if all solutions of the 
equation r q (y) — Xy = 0, A G C, are in L 2 ((a, oo)) (resp. L 2 ((— oo,a))) for 
some ael, cf. e.g. [21, Chapter 7], [221 Section 5] or [231 Section 13.3]. 
With the differential expression r q we will associate an operator A mSiX defined 
on the maximal domain P ma x, i-e., 

Anax := {y E L 2 (R) :y,y'e AC loc (R),r q y G L 2 (M)}, 

1 In the formulation of (24j Example 7.4.1] and, hence, in (24j Remark 7.4.2 (2)] a minus 
sign is missing. 
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via 

domA max := "D max , A m3uX y := r q {y) for y G T> max . 

Here and in the following ACi oc (M) denotes the space of all complex valued 
functions which are absolutely continuous on all compact subsets of R. As 
usual, with (13. 2p . there is also connected the so-called pre-minimal operator 
A defined on the domain 

V := {y E T> max : y has compact support} 

and defined via 

domAo :=£>o, A y := r q (y) for y £ T) . 

The operator A is symmetric and not closed but it is closable. Its closure 
Ao is called the minimal operator and we denote it by A, 

A:=A~ . 

It turns out that the maximal operator is precisely the adjoint of the minimal 
operator, see, e.g., [22| Theorem 3.9] or [24"| Lemma 10.3.1], 

A* = (A y = A max . 

Obviously, by the definition of the maximal and the minimal operator the 
following lemma holds true. 

Lemma 3.3. The operators A and A* are VT -symmetric. 

Moreover, by j2H Theorem 10.4.1] or [221 Theorem 5.7], we obtain a state- 
ment on the deficiency indices of A. 

Lemma 3.4. The closed symmetric operator A has deficiency indices (2, 2), 
i.e. dimker (A* — i) = 2 = dimker (A* + i). In particular, we have 

dim dom. A* / dom. A = 4. 

Hence, by Lemma 13.41 bi-extensions A of A are either trivial, that is, they 
equal A or A* or they fell into one of the following cases 

• dimdoniA/domA = 1; this case is discussed in Section [6], 
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• dim do m A/dom A = 2; this case is discussed in Section HJ 

• dim dom A/dom A = 3; this case is discussed in Section [5j 

It is our aim to describe all bi-extensions A of A. For this we define for 
functions g,f G ACi oc (M.) with continuous derivative, the expression [f,g] x 
for x G R via 

[f,g] x ■= f(x)g'(x) - f'(x)g(x). 

Note that if / and g are real valued, then [f,g] x is the Wronskian W(f,g). 
It is well known (e.g. [2U Lemma 10.2.3], [22| Theorem 3.10]) that the limit 
of [g, f] x as x — > oo and x — > — oo exists for f,gE T> max , We set 

[f,g]oo lim [f,g]x, [f,g]-co-= i im [f,g]x 

x— )-oo X— >— oo 

and 

Lf>#]-oo = [/^]oo - [f,g]-oo- 

By [211 Section 10.4.4], [22, Theorem 3.10], we have for f,ge £> max 

(g,A*f)-(A*gJ)^[f,g]^ 00 . (3.3) 

The following Lemmas 13.51 and 13.71 are from [25] , where they are proved for 
the differential expression T^ n+ 2- However, it is easy to see that the proofs in 
[25] also applies to the differential expression r q due to the assumption that 
q is an even function. 

Lemma 3.5. There exist real valued solutions Wi,w 2 G T> max of the equation 

r q (y) = o 

such that W\ is an odd and u>2 an even function with 

[w x ,w 2 ]-oc = [w 1 ,w 2 ]oo = 1 

and 

[lUl,Wl]-oo = [Wl,Wl]oo = [W2,w 2 ]-oo = [^2,^2]oo = 0. 

For simplicity we set for / G T> max 

<*i(f) ■■= [wi,/]_oo, Oi 2 (f) ■■= [w 2 J]-oo, 

W) := K,/U /3 2 (/):=[w 2 ,/]oo. 

We obtain (see, e.g. [23, Satz 13.21]) 

domA = {fe P max : ai (/) = a 2 (f) = 1 (f) = (3 2 (f) = 0}. (3.4) 
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z\, z 2 , z 3 , z,4 ) T in C 4 there exists a function 



Lemma 3.6. To each vector z 
f z from the domain r> max of the maximal operator A* with 



oc\{f z 

Mm 



Zl, 
*3, 



*2, 
Z 4 . 



Proof. We consider functions ui,u 2 ,vi,v 2 from D max such that Uj, j = 1,2 
equal Wj on the interval (1, oo), equal zero on the interval (— oo, — 1) and the 
functions Vj, j = 1,2 equal Wj on the interval (— oo, —1) and equal zero on 
the interval (l,oo). Then 

f z := -z A u x + z 3 u 2 - z 2 Vi + z x v 2 . 

is the function with the desired properties. □ 

The next lemm£0 describes the behaviour of the above numbers under the 
operators V and T. 

Lemma 3.7. For f £ T> max we have 



AW) = «i(/), 



a 2 (Vf) = -(3 2 (f), 
f3 2 (Vf) = -a 2 (f), 



(3.5) 



aiCPTf) = W), ot 2 {VTf) = -M), 



Pi(VTf) = aiCf), IUVTJ) = -a 2 (f). 



(3.6) 



4 2-dimensional extensions 

First we will consider 2-dimensional extensions A. Their domain is given by 



domA 



fev n 



ai bi 
ci di 



«2(/) 



g h 



(4.1) 



with 



rank 



at 6i e / 
c\ dx g h 



2. 



There are 3 possibilities: 

2 Here we mention that in the second part of the statement of [251 Lemma 4] T should 
be replaced by VT ■ 
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The matrix 



ai b\ 
Ci d\ 
a 2 (/) via &(/), &(/): 



is nondegenerate. Then we can express 



where 



Hence 



dom/L 



a 2 (/) 



a 6 
c d 



a b 




ai 


b{ 


-l 




c d 






d\ 




g h 



fev ri 



a 2 (/) 



a 6 
c d 



&(/) 



(4.2) 



(4.3) 



(ii) The matrix 



5- 



is nondegenerate. Then we can express 0i(f), h{f) 



via Oix(f), «2(/) and rewrite (14. ip in the form: 



M) 



a b 
c d 



<*i{f) 

Mf) 



(4.4) 



where in this case 



a b 




~e f 


-i 




h 


c d 




g h 




Cl 


di 



Hence 



domA 



(Hi) Both matrices 



|/ e P max | 


(W) 
\W) 


ai &i 
ci d\ 


and 


~e f 
g h 



a b 
c d 



a 2 (/) 



(4.5) 



are degenerate. Then they are both 



of rank = 1 and therefore there exist numbers a, b, c, d with |o| + |6| ^ 
and |c| + \d\ ^ such that one can rewrite (14. ip as a system: 



+ ba 2 (f) = 0, 
c/M/) + <W) = 0. 



(4.6) 
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Let us recall that (14. 2 p and (14. 4p are called mixed boundary conditions and 
(14.61) is called separated boundary conditions. By our assumptions, cases (i) 
and (Hi) can not occur simultaneously. Similarly, cases (ii) and (Hi) can not 
occur simultaneously. 

We normalize (14. 6p and rewrite for this case (14.11) as 

i /3 1 (f)r]COSp - f3 2 (f) sm/3 = 0. J 

Here |f| = \r)\ = 1 and a, /? e [0,2vr). 

Note that in the case of separated boundary conditions there exist vectors 
/i> h ^ domA such that: 

MA)| + M/i)l ^ 0, [^(/a)! + |A,(/ a )| ^ 0. (4.8) 

which is due to the fact that A is a 2-dimensional extension of A. 

In both cases, separated and mixed boundary conditions, extensions A are 

bi-extensions since A G A G A*. Our aim in this section is to describe 

adjoint and P-adjoint operators to the extension A and give criteria when 

this extension is VT symmetry, selfadjoint and V -self adjoint. 

For this we need the following result. 

Lemma 4.1. Let f,gG D max . Then 



[9, f]-oo = H9)W) - <*2(g)<*i{f) - Pi(g)W) + od(g)a 2 (f). (4-9) 
Proof. Consider the function 

F(x; g, f, toi, w 2 ) = [g, f] x [w u w 2 ] x . (4.10) 
A direct calculation shows that 

F(x;g,f,w 1 ,w 2 ) = [g, w 2 ) x [w u f) x - [g, w^\w 2 , f) x . (4.11) 
Since [wi, w 2 }_ 00 = [wi, i^oo = 1, on the one hand from (I4.10p it follows that 
lim F(x; g, f, w u w 2 ) - lim F(x; g, f, w x , w 2 ) = [g, f][ 

x— >oo X— oo 

and from the other hand side (14. lip implies 

lim F(x; g, f, Wi, w 2 ) — lim F(x; g, f, w u w 2 ) 



-oo' 



fcWiU) - a 2 (g)a x (f) - PMW) + ai(g)a 2 (f). 
Therefore <KM holds. □ 
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Corollary 4.2. Let A be a bi-extension of A. Then g G domA* if and only 

if * 

Pi(g)W) - fcWiif) = <xi(g)a 2 (f) - a 2 (g)a 1 (f) (4.12) 

for all f G domA. 

Proof. This follows immediately from Lemma 14.11 and the fact that g G 
domA* if and only if [g, f)™^ = for all / G domA, see (E3D. □ 

Proposition 4.3. (1) If A is given by (14.71) . then 



dom A* = < g G T> 



a.i(g) cos a — ct2(g)£, sin a 
/3i(#) cos - /^(sO^sin/? 



domA 



gev n 



ai(g) cos (3 + a 2 (g)?7sm ft 
f3\ (g) cos a + /?2 (<?)£ sin a 



0. 
0. 

0. 
0. 



(2) If A is given by (14 .5p . then 



domA* 



domA 



geV» 



gev» 



(3) // A satisfy g3J £/ien 



domA* 



domA 



9^, 



«i(#) 



0i(g) 
(32(g) 



on(g) 
02(g) 



d -b 

—c a 

d b 

c a 



d -b 

— c a 

d b 

c a 



02(g) 



a\(g) 
012(9) 



®i(g) 
012(9) 



0i(g) 
02(g) 



(4.13) 
(4.14) 

(4.15) 
(4.16) 

(4.17) 
(4.18) 



Proof. Since A and operators with domains (I4.13p . (I4.15p . and (I4.17P 
correspond to two dimensional extensions of A for a proof of the statement 
it is sufficient to check (I4.12p for / G domA and g from (I4.13p . (I4.15p . or 
(I4.17p . respectively. But this directly follows from (14. 9p . 

Since domA+ = {g = V f \ f G domA*} a proof of (Q3j) . fT4TT6|) . and 
( 14.18(1 taking in account Lemma 13.71 relations ( 13. 5ft . follows immediately 
from (14331) and 1Q5]1 . or (Q7(l . respectively. □ 
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Corollary 4.4. (1) Let A has the domain (|4.7p . Then A = A* if and only 



(2) Let A has the domain (JO]) or (J4J|. Set A = ad - be. Then A = A* if 
and only if for some <p 6K we have 



A = e 2iv and {e'^a, e^b, e^c, e~ i(p d} c 



(4.19) 



Proof. Let us note that A = A* if and only if domA = domA*. Assertion 

(1) follows immediately if one compares domA and domA*. 

(2) Assume A has domain (14. 3p . Obviously, if (I4.19P holds, then we have 



a b 




' d -b 




"1 


0" 


c d 




—c a 







1 



and A = A*, see ffl~TTj) . 

For the contrary, we assume domA = domA*. First, we will show that in 
this case the matrix 

a b 
c d 



(4.20) 



has full rank. Indeed, assume that there exists rj G C with c = rja and d = r\b. 
From ( H~3j) . (I4.17P we obtain for / G domA 

012(f) = V<xi(f)> Pi(f)=Kv-v)<Xi(f) and W) = a(v~v) 

But this implies that A is a 1-dimensional extension of A, a contradiction. 

Hence, the matrix in (I4.20p has full rank. 

There are two vectors f,gE dom A such that the vectors 



«i(/) 
a 2 (/) 



and 



are linearly independent. 



(4.21) 



Indeed, assume that all such vectors are linearly dependent. Since domA 7^ 
dom A and by (13. 4p there is a vector / G dom A such that |«i(/o)| + l a 2(/o)| 7^ 
0. Then for each / G domA there exists a number A(/) G C with 



a i(f)\ _ \ ( a i(fo] 

a 2 (f)J [J) U(/ ; 



(4.22) 
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and, from (14. 3 p and the fact that the matrix in (I4.2(jp has full rank, we deduce 



Kf) 



Wo] 
Wo] 



(4.23) 



Using f)4.23p and (14.221) one can conclude that the functions / from the 
domain of A satisfy the following system 

oci(f)a 2 (f ) - a 2 (f)a 1 (f ) = 0, 

that is, the boundary conditions are separated, a contradiction. Hence there 
are two vectors / and g in dom A such that f)4.2ip holds. As dom A = dom A*, 
both boundary conditions ( 14. 3 p and (I4.17P hold, that is, for / £ dom A we 
have 



ai(/) 
« 2 (/) 



a b 
c d 



a b 
c d 



d -b 
—c a 



a 2 (/) 



The matrix in (14.201) has full rank and from (14.21 j) we obtain |A| = 1. That 



is A 



e 2 ^, if 



^argA. In particular it follows 



a b 


1 


a b 


c d 


~ A 


c d 



Hence, 



A 



e -%if> 



e-^a 



and e~ lif a is real. By similar arguments, one conclude e~ lif b £ M, e~ lif c £ R 
and e~ lip d £ M and (14. 19ft holds. The case when dom A is defined by (14. 5 j) 
can be proved by the same arguments. □ 

Corollary 4.5. (1) Let A has the domain (14. 7ft . T/ien 

(z) /or a £ {0, 7r/2, it, 37r/2} or [5 £ {0, 7r/2, 7r, 37r/2} i/ie operator 
A is V -self adjoint if and only if 



a + (3 = ( mod n). 
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(ii) For a, (3 {0, tt/2, it, 37r/2} the operator A is V -self adjoint if 
and only if one of the following conditions holds: 

a + (3 = ( mod vr), £77 = 1 or (4.24) 
\a-(3\ = (mod vr), £77 = -1. (4.25) 

(2) Let A has the domain given by (j4.3p or (14. 5 j) . T/ien /j/ie operator A is 
V -selfadjoint if and only if 

d = a, b,ceR. (4.26) 

Proof. Since both A and A + are restrictions of the same maximal operator 
we have 

A = A + domA = domA + . (4.27) 

(1) Assume A has the domain (14. 7ft . We prove the statement (i) for a = 0. 
For a proof of the other cases, i.e., a G tt, 3ir/2}, (3 G {0, 7t/2, 7t, 37r/2} 

one can use similar arguments. 

Let a = 0. We will show A = v4 + if and only if f3 = or (3 = tt. 

If /3 = or /3 = 7t then, by (14 .7p and (14.141) we see immediately domA = 

domA + and according to (14.271) A is V -selfadjoint. 

Conversely, assume A = A + . Then a = implies ai(/) = = for all 

/ G domA = domA + . Hence from (14. 8 j) it follows that sin/3 = 0, that is, 
either /3 = or /3 = 7r and statement (i) is proved. 

In order to show (ii) let a, (3 ^ {0, tt/2, tt, 37r/2} and assume A is P- 
selfadjoint. Then for / G domA = domA 4 " the boundary conditions (14. 7p 
and (I4.14P give 

a i{f) £ cos a — 0.2(f) sin a = 0, 
ai(f)rj cos (3 + a 2 (f) sin (3 = 0, 

(3 1 (f) V cos(3-(3 2 (f) sin/3 = 0. 
£ cos a + (3 2 (f) sin a = 0. 

Taking into account (14.81) we obtain 

rj cos (3 sin a + £ sin /3 cos a = 0, 
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or, since |£| = \r]\ = 1, 

£77 cos (3 sin a + sin (3 cos a = 0. 

By the conditions a, (3 ^ {0, 7r/2, 7r, 37r/2} and therefore all the numbers 
sin a, cos a, sin/3, cos/3 are nonzero. Therefore £77 e R, that is, £77 = ±1. 
Hence we have two possibilities: 

sin(a — (3) = 0, or sin(a + (3) = 0. 

The latter is equivalent to ( H~24j) . fl425|) . 
The converse can be checked directly. 

(2) Let A has the domain (14. 3p . Then it is V -self adjoint if and only if 
functions / from dom A satisfy also conditions (14.181) . Therefore 

d — a b — b 
c — c a — d 

Since A is a 2-dimensional extension of A (14. 26ft holds. 

The converse statement can be checked by direct calculations. A proof for A 

with domain (14. 5p is similar. □ 

Proposition 4.6. (1) Let A has the domain ( 14.71) . Then A is VT sym- 
metric if and only if it is V -self adjoint. 

(2) Let A has the domain given by ( 14. 3 j) or (14. 5p . T/ien A zs VT symmetric 
if and only if for some ^6R 

/3, 7 eM, | a | 2 -/3 7 = l. (4.28) 

Proof. Taking into account that A* is a symmetry we conclude that A 
is a PT symmetry if and only if 

VT dom A = dom A (4.29) 

(1) According to (13. 6p the latter means that / G dom A also satisfies the 
conditions 

(3i{f) £, cos a + (3 2 (f) since = 0, 

«i(/) r/cos/3 + a 2 (/) sin/3 = 



P =0 



a 6 
c d 



3 »v 



a /3 
7 a 
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which coincide with boundary conditions (I4.14p for A + . Hence statement (1) 
follows. 

(2) Let boundary conditions of A be not separated, for instance, let the 
domain of A satisfies (I4.3p . According to (13. 6p the equality VTdomA = 
domA is equivalent to H4.3[) with an additionally condition: 



a —b 
—c d 



«2(/) 



for all / £ domA 



Assume that the matrix 



a b 
c d 



(4.30) 



(4.31) 



has a rank less than two. Then there exists rj £ C with c = rja and d = rjb 
and from (14.31) . (I4.30p we obtain for / £ domA 

a 2 (f)= Vai (f), (3 1 (f) = (a-b V )a 1 (f) and &(/) = -rj^(f). 

But this implies that A is a 1-dimensional extension of A, a contradiction. 
Hence, the matrix in (14.3 If) has full rank. Together with ( 14. 3ft it follows that 
for / £ domA we have 



(4.32) 





a —b 




a b 






—c d 




c d 


Wf)) 



There are two vectors /, g £ dom A such that the vectors 



and 



are linearly independent. 



(4.33) 



Indeed, assume that all such vectors are linearly dependent. Since domA ^ 
domA and by (I3.4p there is a vector f n £ dom A such that |/3i(/o)|+|/#2(/o)| ^ 
0. Then for each / £ domA there exists a number A(/) £ C with 



W) 



Kf) 



Wo] 
Wo] 



(4.34) 



and, from ( 14. 3 p and the fact that the matrix in (I4.3ip has full rank, we deduce 



*i(f) 
a 2 (/) 



Kf) 



«i(/o) 

«2(/o) 



(4.35) 
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Using (I4.35P and (14.341) one can conclude that the functions / from the 
domain of A satisfy the following system: 

aci(f)a 2 {fo) - «2(/)ai(/o) = 0, 

that is, the boundary conditions are separated, a contradiction. Hence there 
are two vectors / and g in domA such that (14.331) holds. Then from (I4.32p 
it follows that 



Therefore the matrix 

a b 
c d 

is nondegenerate and we have A := ad — be ^ with |A| = 1. If we set 
<p := \ arg A then A = e 2llf and we obtain 



a —b 




a b 


—c d 




c d 



a b 




a —b 


-l 


d/A 


b/A 


c d 




—c d 




c/A 


a/A 



This implies that e lip a = e %v d, and the numbers e t!p b and e t!p c are real. 
Set 

a := e~ iip a, (3 := e~ iLp b and 7 := e~ iip c. 

Then we have \a\ 2 — (3j = 1 and one can rewrite boundary conditions (14. 3 j) 
for the VT symmetric operator A in the form (14.28}) . 

For the converse statement assume that for some a G C, /3,7 G 1R with 
\a\ 2 — /?7 = 1 ( I4.28P is satisfied. Then, according to (13. 6p . we obtain for 
/ G domA 

a (3 
7 a 



MPTf)) 



a 


P~ 




"1 


" 




a 







-1 


a 


ft 




"1 


" 


7 


a 







-1 



aiif) 

« 2 (/) 



-up 



a (3 
7 a 



02(f) 



-up 



1 
-1 



-up 



<*i{VTf)\ 

C*2{VTf)) 
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and, hence, VT domA C dom A Then, by VT 2 = I, $Q9J) holds. 



The case of a domain given by (14. 5p can be proved in a similar way. In the 
reasoning one just has to changes the roles of oti, a<i and (3\, fc- □ 

In the following corollaries we will describe the situations when two out of 
the three properties VT symmetry, selfadjointness and P -selfadjointness 
are satisfied. Due to the fact that for an extension A with domain (14.71) VT 
symmetry is equivalent to V -selfadjointness by Proposition 14. 6} there is only 
one case to consider for separated boundary conditions. 

Corollary 4.7. Let A has the domain (14.71) . Then A is VT symmetric, 
self adjoint and V -selfadjoint if and only if 

£ = rj = 1 and a + (3 = ( mod n). 

In the case of mixed boundary conditions, there are more cases. 

Corollary 4.8. Let A has the domain given by (14.31) or (14.51) . Then 

(1) A is VT symmetric, selfadjoint and V -selfadjoint if and only if 

a,b,c,d(E~El, a = d and a 2 — bc=l. (4.36) 

(2) A is selfadjoint and V -selfadjoint if and only if (14.361) holds. In this 
case A is also VT symmetric. 

(3) A is selfadjoint and VT symmetric if and only if for some ipel 

e~ itp a, e~ iip b, e~ iLp c, e~ iLp d e R, d = e 2iLp a and ad-bc = e 2itp . 

(4) A is V -selfadjoint and VT symmetric if and only if 

b, c E M, d = a and \a\ 2 — be = 1. 

Remark 4.9. Corollary \4-7\ and Corollary \4-S\ item (2), are already con- 
tained in l25\ Theorem 4 and Theorem 5]. Here we use the opportunity to 
point out that the statement in \2h\ Theorem 5] is slightly incorrect. Obvi- 
ously, (14.361) implies that the corresponding extension A is VT symmetric 
and selfadjoint (and at the same time V -selfadjoint), but the converse is not 
true: There are VT symmetric and selfadjoint extensions A which do not 
satisfy ( I4.36p . cf. Corollary \4-8\ item (3). Hence, the correct version of f25\ 
Theorem 5] is Corollary \4-S\ item (2). 
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5 3- dimensional extensions 



Let A be a 3- dimensional extension of A. Then there are numbers a, b, c, d, 
\a\ + \b\ + \c\ + \d\ 7^ such that 

domi = {/ G domX? max | aa x (f) + 6a 2 (/) = cft(/) + d/3 2 (/)} . (5.1) 

Proposition 5.1. Lei A be a 3- dimensional extension of A with domain 
( 15.1 p . T/ien i/ie following statements hold. 

(1) Lei a 7^ 0. T/ien 



dom A* 



dom A + = ft 6 D n 



(2) Lei o ^ 0. TTjen 



domA* = S GD t 



domA 




dom A 



a 0:1(0) + 60:2(0) 



—d/a 
c/a 



a Pi(h) - b j3 2 (h) 



d/a' 
c/a 



d/6 0' 
-c/6 



v a 2(0)y 



a Piih) - b fo(h) 



d/b 
c/b 



&(<?) 
AG/) 



cp 1 {g) + dp 2 {g) 



-6/c 
a/c 



/3i(0) 
02(9) 



0. 



A(0) 
£2(0) 



/ ai(h) 
\a 2 (h) 



aa 1 (g) + ba 2 (g) = 0, 



0i(g) 



f 011(9) 
\<x2(g) 



( "1(0) 
1^2(0) 



• (5-2) 



(5.3) 



(5.4) 



(5.5) 



(5.6) 
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domA + = j/i £ P D 

(4) Letd^O. Then 

dom A* = < g £ V m£ 



cai(h) — da 2 (h) 



0. 



b/c 
a/c 



a 2 (h) 



b/d_ 
—a/d 



(32(g) 



0. 



02(g) 



(5.7) 



(5i 



domA^ 



heV„ 



cai(h) — h a 2 (h) 



0. 



b/d 
-a/d 



oti(h) 
a 2 (h) 



m) 



(5.9) 



Proof. Let us prove (1). The others one can be shown in a similar manner. 
Since a ^ we can express ot\(f) for / £ dom A: 

«i(/) = -- « 2 (/) + -&(/) + -&(/)• 
a a a 



Then, by (14.121) . g £ dom A* if and only if 



/%(/) + - 02(g) )-fa(f) (f3 2 (g) - C - a 2 (g)) = a 2 (f) U(g) + - a 2 (g) 



for all / £ dom A. Then by Lemma [3.61 there exists / £ dom A such that 

a 

/?i(/) = 0, 



a 2 (f) = 1, 
&(/) = 



and, hence, g £ dom A* has to satisfy 



ot\(g) + - a 2 (£) = 0. 
a 
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In a similar way, we obtain 



d 



Pi(g) + - a 2 (g) = and /3 2 (g) a 2 (g) = 

a a 

and (I5.2p is proved. For a proof of (15.31) we use the relation dom^4 + = 
V dom A* and Lemma 13.71 □ 

Proposition 5.2. The 3- dimensional extension A with domain (15. ip is a 
VT symmetry if and only if 

\a\ = |c|, \b\ = and ad + bc = 0. (5.10) 

Proof. We assume that the relation (15.101) holds and show that A is a VT - 
symmetry, or, what is equivalent (see Lemma l3.3p . VTdomA = dom A. 
Since (VT) 2 — I it is sufficient to show that VTdomA C dom A, that is, 
(15.11) implies for / e dom A 

aotx(VT f) + ba 2 (VT f) = cp^VTf) + df3 2 (VT f), 

or, equivalently (see Lemma I3TTI) 

- da 2 (f) = af3 1 (f)-bf3 2 (f). (5.11) 

Consider 3 cases: 

(i) a = c = 0. Then from \b\ = \d\ it follows directly that (I5.10p implies 

(HH]). 

(ii) 6 = ci = 0. Analogously to (z), from |a| = |c| it follows directly that 
fl5TT0|) implies floTTT]) . 

(iii) abed ^ 0. In this case one can rewrite (I5.10P and (15.1 ip in forms (I5.12p 
and (I5.13P respectively: 

- I Mf) = a 2 (f)-U 2 (f), (5.12) 

b a b 

= («i(/) -Ihif)) = a 2 {f)- h =B 2 {f). (5.13) 
d c d 
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Now from (I5.10p it follows that (I5.12p implies (I5.13p . Therefore A is a VT 
symmetry. 



To prove the converse assume that both (15.11) and (15.111) hold. Then (cf. 
Lemma [373T) there exists a function f\ 6 domA with = 0i(fi) = 

and |a 2 (/i)| + \{3 2 (fi)\ 7^ and we have 

ba 2 {h)-dp 2 {h) = 0, 

da 2 {h)-b^{h) = 0. 

Since at least one of the numbers a 2 (/i), P2i.f1) is nonzero we have |6| = \d\. 
Analogously using a function f 2 G domA such that a 2 (f 2 ) = (3 2 (f 2 ) = and 
|cki(/ 2 ) I + \Pi(f2)\ ^ we obtain \a\ = \c\. 

If abed = the equality ad + be = is trivial. 

Let a6c<i 7^ 0. Consider a vector / 3 e domA such that ai(/ 3 ) — - /?i (/ 3 ) 7^ 
and a 2 (/ 3 ) - f /3 2 (/ 3 ) ^ 0. Then from fl5TT2|) and (I513j) it follows that 
ad + be = 0. □ 

The operator A is a 3-dimensional extension of A but the kernel of A* — A 
for non-real A equals 2, see Lemma l3~^l and we obtain C\lC o~ p {A). Hence 
the resolvent set of A is empty and the following theorem is shown. 

Theorem 5.3. Let A be a 3-dimensional extension of A with domain (15.11) . 
Then 

a (A) = C. 

In particular (cf. Proposition \ 5.ty) . there are VT symmetric 3-dimensional 
extensions of A with empty resolvent set. 

6 1-dimensional extensions 

The domain of a 1-dimensional extension A is defined by 3 independent re- 
lations between ai(/), ct 2 (f), ot\{f) for / e domA. From Proposition 
12.31 it follows that A is 1-dimensional extension of A if and only if its adjoint 
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is 3-dimensional extension of A; it remains to apply Proposition 15.11 Hence 
we have two different cases. 



(I) domA={feV It 



ai ax(f) + hi a 2 (f) = 0, |ai| + |&i| 0, 



a (3 
7 5 



Mf) 



(6.1) 



(//) domA={feV rj 



Cl fcig) + h fo(g) = 0, |ci| + |di|^0, 



a (3 
7 5 



oci{g) 
012(9) 



(6.2) 

One can check directly using (14.121) that the following proposition is true. 
Proposition 6.1. (i) Let A has domain (16. ip . Then 

domA* = {g e P max | affi(s) +60:2(5') + c A(flO + dfoig) = 0, } 
with 



a — ax, b = b\ 



and 



5 —7 

-(3 a 



c = ci, d = c?i, and 



5 —7 
-/3 57 



£1 
dW ' 



where a, 6, c, d i/ie same as above. 



(6.3) 



domA + = "PdomA* = {/iG X> max | a ^(/i) - b /3 2 (h) + ca x (h) - da 2 (h) 
where a, b, c, d are the same as above. 

(ii) Let A has domain (16.21) . Then 

domA* = {g E X> max | aai(g) + ba 2 (g) + c^(g) + d f3 2 (g) = 0, } 
with 



(6.4) 



domA + = V domA* = {h G £> m ax I a Pi(h) — b f3 2 (g) + c«i(a) — da 2 (g) 



□ 
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Remark 6.2. From Lemma \3.1\ and Proposition \5.S\ follow that a 1- 
dimensional extension A is VT -symmetry if and only if the numbers a, b, c, d 
defined in Proposition ^. 1\ f lfPj) and H6.4[) . respectively, satisfy (I5.10p . 

If A is a 1- dimensional extension of A, then A* is a 3-dimensional extension 
of A with empty resolvent set, see Theorem 15.31 and we obtain the following. 

Theorem 6.3. Let A be a 1-dimensional extension of A. Then 

a(A) = C. 

In particular, there are VT symmetric 1-dimensional extensions of A with 
empty resolvent set. 
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